Abstract Heat exchangers of different types find application in power systems based on solid oxide fuel cells (SOFC). Compact plate fin heat exchangers are typically found to perfectly fit systems with power output under 5 kW el . Micro-combined heat and power (micro-CHP) units with solid oxide fuel cells can exhibit high electrical and overall efficiencies, exceeding 85%, respectively. These values can be achieved only when high thermal integration of a system is assured. Selection and sizing of heat exchangers play a crucial role and should be done with caution. Moreover, performance of heat exchangers under variable operating conditions can strongly influence efficiency of the complete system. For that reason, it becomes important to develop high fidelity mathematical models allowing evaluation of heat exchangers under modified operating conditions, in high temperature regimes. Prediction of pressure and temperatures drops at the exit of cold and hot sides are important for system-level studies. Paper presents dedicated mathematical model used for evaluation of a plate fin heat exchanger, operating as a part of micro-CHP unit with solid oxide fuel cells.
Nomenclature

A
-area, total fin and wall convection area of a heat exchanger AC -free-flow area in a heat exchanger A f -frontal area in a heat exchanger Aw -uncovered wall area taking part in a heat exchange Cp -specific heat capacity Cr -heat capacity ratio CF C -curve fit coefficient used to determine Colburn factor CF E -curve fit exponent used to determine Colburn factor δp -pressure drop ∆T log -logarithmic temperature difference D h -hydraulic diameter fC -core friction factor F F Cc -friction factor curve coefficient F F Ce -friction factor curve exponent h -heat convection coefficient Greek symbols ε -effectiveness of a heat exchanger ε0 -initial gues for iterative determination of effectiveness of a heat exchanger µ -fluid viscosity ρ -fluid density σ -ratio of free-flow area to the frontal area in a heat exchanger σi -contraction coefficient for the heat exchanger inlet σe -expansion coefficient for the heat exchanger outlet Subscripts in -value of a parameter at the inlet out -value of a parameter at the outlet C -cold section of a heat exchanger H -hot section of a heat exchanger
Introduction
Several technologies are currently under consideration for highly efficient micro-and small-scale combined heat and power (CHP) units. Typically, internal combustion engines, gas turbines, Stirling engines and fuel cells are listed among the most promising technologies. Special attention has been drawn to micro-CHP generators with power output under 5 kW el [1] . Among the available and emerging technologies, fuel cells are often listed as the units exhibiting the best performance [2] . Four main types of fuel cells are known:
• polymer fuel cell (PEFC),
• phosphoric acid fuel cell (PAFC), • solid oxide fuel cell (SOFC), and • molten carbonate fuel cell (MCFC).
Out of the listed, PEFC and SOFC are suitable for micro-combined and power systems. The former exhibits favourable properties for operation under continuous cycling, and in off-design. The latter allows achieving higher electrical and overall efficiencies, however solid electrolytes are prone to degradation caused by power cycling [3, 4] . In general, SOFC-based systems are designed to operate steadily, without major variations of the electrical and thermal load [5] . Additional benefit offered by SOFCs is the ability to operate with large variety of fuels including alcohols [6] , hydrocarbons [7] , pure hydrogen [7, 9, 10] , biofuels [8] and alternative energy carriers which can be converted to hydrogen-rich gas, including ammonia [11] and dimethyl ether [12] .
2 Micro-combined heat and power systems with solid oxide fuel cells
Typical micro-CHP system comprises several components allowing highly efficient operation in the design point and in off-design. Example of such power unit can be seen in Fig. 1 . The core of a system is a fuel cell stack. Steam reformer allows conversion of a raw fuel into hydrogen-rich gas fed to the anodic compartments of the stack. Air is supplied to the cathodic side using a micro-air blower. Fuel conversion into electricity is never completed in SOFCs. Typically, fuel utilization in range 0.70-0.85 is chosen in a fully operational system [13] . Lean fuel leaving the stack is directed to the post-combustor. Remaining energy can be therefore recovered and used for preheating gases entering the fuel cells. Partial recirculation of anodic off-gas is required to supply sufficient amount of steam to the fuel processor in order to achieve high conversion of fuel and prevent from carbon formation within the system. Heat exchanger is used for preheating air from 283 up to 923 K, which is a typical inlet temperature of a cathode of a SOFC stack. Once the heat of gases exiting the post-combustors is partially recovered to preheat the air stream it can be directed to the hot water storage tank equipped with the heating coil. Alternatively, flue gases can be used to support space heating system using a dedicated heat exchanger (shown in Fig. 1 ). Main features of the micro-CHP system with solid oxide fuel cells were discussed in detail in previous paper [14] . All of these components exhibit different character-istics, strongly influencing electrical and overall efficiencies of a micro-CHP system under variable operating conditions. Operation of the SOFC stack influences all auxiliaries. Strong effects of the pressure losses within the system can shift the optimal operating point of the complete system from the SOFC stand-alone optimum. Authors' evaluation indicated that the heat exchanger operating in high temperature zone strongly contributes to pressure losses in the power unit. High sensitivity of pressure losses in the system to variable oxidant utilisation in the fuel cell stack can be explained by large variations of air flow through the hot section of the heat exchanger. For these reasons, dedicated model of a compact heat exchanger operating in a steady state reference conditions was established. The model comprises several geometrical and design-based parameters which are either proprietary data or have to be determined experimentally.
In order to analyse the response of the system to the change of SOFC operating conditions, the complete simulator of the system was required, including the incorporated model of a plate fin heat exchanger. Several alternative mathematical descriptions of heat exchangers are available [15] . Models of compact micro-heat exchanger exists [16, 17] , and can be adopted and implemented in a simulator of micro-CHP systems which incorporate such heat exchangers. This mathematical description allows prediction of a heat exchanger performance under variable operating conditions, including off-design, in high temperature regimes. Pressure drops in the hot and cold side, and temperatures of gases exiting the unit can be precisely estimated. In addition, model can be used to generate performance characteristics of a particular configuration of a heat exchanger, if needed.
In general, mathematical description introduced in this paper compiles several approaches. This allows to include specific parameters corresponding to the design of this particular heat exchangers. Some of the coefficients used in modeling of the heat exchanger were supplied by the manufacturer as proprietary data, therefore will not be presented in this dissertation.
The proposed mathematical model of an adiabatic heat exchanger is solved iteratively, and requires an initial guess for the effectiveness, ε 0 . Since the mathematical model of a heat exchanger is based on the iterative calculation procedure, in the first iteration initial guess for the effectiveness of heat exchanger, ε 0 , is used. In the next iteration, final value of the effectiveness is used as a initial guess for the next iteration. This procedure continues until sufficient convergence is obtained. It was found that typically 5-7 iterations are sufficient to achieve differences between iterations lower than 0.5%. Based on this guess, hot and cold sides of the heat exchanger can be analysed and evaluated, to determine the main parameters at the outlets of both sides. Performance can be evaluated for pure gases and their mixtures. Such parameters as density, specific heat capacity, and viscosity of gas mixtures are calculated using dedicated approximate functions or can be found in thermodynamic tables. In the currently analysed system, heat exchange takes place in a single (gaseous) phase. Proper correlations can be however introduced to extend the functionality of model to multiphase flows. Working fluids, including gas mixtures are modeled using Peng-Robinson equation of state. Specific heat capacities used in this model are found for the average temperatures computed as the arithmetic mean value of the inlet and outlet temperatures. The averaging based on computing specific heat capacity for the mean temperature gives more precise estimate in comparison with finding the value as an arithmetic mean of the inlet and outlet specific heat capacity [19] .
Model of a plate fin heat exchanger
The model presented in this sections covers various effects typical for the inlet, core and outlet sections of a heat exchanger (Fig. 2) . Each of the sides of a heat exchanger are analyzed separately, and main parameters are found for the hot and cold sections. 
Analysis of the hot side
Temperature at the outlet of a hot side, T H,out , can be found, based on the effectiveness of a heat exchanger, ε, and inlet temperatures of the hot and cold sides, T H,in and T C,in , respectively. The definition of effectiveness for a counter-flow heat exchanger
can be transformed into a form which allows determing outlet temperature of the hot side (2) .
where in the first iterative step ε ≡ ε 0 . In a similar manner, outlet temperature of the cold side (T C,out ) can be found as
originating from
and the average temperature in the hot side (T H ) is computed as
Amount of heat extracted from the hot side (Q H ) is found taking into account the mass flow of gas (m H ) present in the hot side, and its specific heat capacity
C p,H , where C p,H = f T H . An average temperature of the cold side is then calculated as an arithmetic average of the inlet and outlet
Heat gain into the cold side Q C is found as
where C p,C = f T C and m C is the mass of cold fluid. Maximum amount of heat exchanged between the sides of a heat exchanger Q max can be found as
Average density of gas at the hot side are computed using thermodynamic functions. Average gas velocity is calculated as
where A C,H is the geometry and design depended free-flow area in the hot side. The average Reynolds number (Re H ) is calculated using the average density (ρ H ), velocity (Ṽ H ) and hydraulic diameter of the hot side D h,H in the hot side of a heat exchanger matrix:
whereμ H is the average dynamic viscosity of gas present in the hot side. Density of the gas at inlet of hot side (ρ H ) is again, found using thermodynamic functions for gas mixtures. The cumulative pressure drop in the hot side of a heat exchanger is found as a sum of pressure drops due to the entrance effect, fluid acceleration, exit effect and the core friction:
∆p H,HT X = ∆p H,entrance + ∆p H,acceleration + ∆p H,exit + ∆p H,coref riction .
(12) Several relations can be adopted from the thermohydraulics of nuclear systems, since similar operating conditions and geometrical scales are considered [20] . Entrance effect pressure drop in the hot side is found as
where σ in,H is the ratio of free-flow area, A C,H , to the frontal area, A f,H , at the inlet passage contraction ratio, K c,H is the contraction pressure loss coefficient, and ρ H,in , V H,in are the density and velocity of hot fluid, respectively. Depending on the design of a heat exchanger, contraction coefficient may substantially contribute to pressure losses [17] . All these parameters describe geometrical properties of the hot side of a heat exchanger. Flow acceleration pressure drop is computed using the following equation:
where ρ H,out is the density of hot fluid. Pressure drop due to the exit effect is computed with respect to the expansion pressure loss coefficient [17] ∆p
where σ out,H is the ratio of free-flow area to the frontal area at the outlet of the hot side, and K e,H is the expansion pressure loss coefficient for the same side of a heat exchanger, and V H,out is the velocity of hot fluid. Core friction factor f C,H for the hot side of heat exchanger can be found using the following relation (16) [21] :
where F F C c,H and F F C e,H are the friction factor curve fit coefficient and exponent for the hot side, respectively. These numbers are based on fitting the real performance curve to the theoretical curves presented in diagram of friction factor for different pipe flows under variable flow conditions (socalled Moody diagrams). Details of the friction factor determination can be found in the original paper by Moody [22] . Having found the core friction factor, the pressure drop due to the core friction can be found as
where L H is a geometrical parameter determining the flow length in the hot side.
Analysis of the cold side
In a similar manner, analysis of the cold side can be performed using equations given in the previous section of the paper. Set of the following equations applies to the cold side, with the new index denoting the cold side:
The cumulative pressure drop in the cold side of a heat exchanger is found again as a sum of pressure drops due to the entrance effect, fluid acceleration, exit effect and core friction:
where
and
Pressure drop due to the exit effect is found using formula:
Core friction factor of the cold side of a heat exchanger f C,C can be computed using analogical formula as previously
and similarly the pressure drop due to the core friction
where L C is a geometrical parameter determining the flow length in the cold side. Final evaluation of the heat exchanger includes calculation of the heat transfer effectiveness for both the hot and cold side. In order to evaluate the heat exchange process, main average dimensionless numbers to be determined. As proposed by Kays and London [17] , analysis of a compact heat exchanger can be performed using a dedicated methodology. In the proposed design-based approach, heat transfer surface is referred to the total surface of one side of a heat exchanger. The experimental procedure was used to established the correlation and it has been used ever since.
Determination of the Stanton number (St) uses Colburn factor j, which is a product of Stanton number and Prandtl number (Pr) to the power of 2/3,
where CF C and CF E are the curve fit coefficient and curve fit exponent used to determine the value of Colburn factor j, thereforẽ
andP
wherek H is the average thermal conductivity of a gas. Nusselt number is then found asũ
Based on the Nusselt number, an average thermal conductivity of gas in the hot side and hydraulic diameter in the heat exchanger matrix, the average hot side heat convection coefficient (h H ) can be computed:
Similarly, the same factors can be evaluated for the cold side:
Effectiveness of a plate fin heat exchanger
Eventually, overall surface effectiveness can be calculated for the hot and cold sides. To evaluate the overall heat exchange, the effectiveness of heat exchange in single fin, both in the hot and cold sides should be first considered [17] :
where k f is the thermal conductivity of a single fin, t f is the fin thickness, and l is the length of a fin. Overall surface heat exchange effectiveness can be found for the hot side [17] :
where A fin is the total fin heat convection area, and A is the total fin and wall convection area of a heat exchanger. Analogically, the effectiveness of heat exchange at the cold side can be evaluated [17] :
Thermal resistances can be determined for heat exchange between hot stream and wall (R th hs−w ) and cold stream-wall (R th cs−w ) from the expressions [17] :
Additionally, thermal resistance of the wall (R thw ) can be found depending on the material properties of a heat exchanger
where t w is the wall thickness, k w is the thermal conductivity of the wall, and A w is the uncovered wall area taking part in a heat exchange. Total thermal resistance R thtot is found as a sum of (40), (41) and (42) R thtot = R th hs−w + R th cs−w + R thw .
At this stage, the number of transfer units (NTU) method can be applied to calculate heat transfer in a compact counter current heat exchanger [18] . NTU method is applied in a system, where no information about outlet temperatures from the hot and cold sides is available. Maximum possible heat transfer has to be found in order to define the effectiveness of a heat exchanger. This value is computed under assumption that the heat is exchanged in a unit of infinite length. Maximum theoretical difference of a fluid temperature depends on parameters at the inlet of hot and cold
Method is based on calculating heat capacity rates, which depend on the mass flow and heat capacity of fluids at each side of a heat exchanger.
The ealier mentioned heat capacity rates are calculated to determine the heat capacity ratio C r , found as ratio of the minimal, C min , and maximal, C max , heat capacity rates [18] 
Number of transfer units factor (NT U) depends on the total thermal resistance (R thtot ) of this heat exchange system, and is computed as:
Finally, effectiveness of a heat exchanger can be computed
In the iterative process of evaluating exit parameters of cold and hot sides, value obtained with formula (46) is used as an initial guess for the next iterative step. Calculation procedure is continued until satisfactory convergence is achieved. Summarising, the method described in this paper allows evaluation of the effectiveness of a heat exchanger taking into account geometrical parameters of both, the hot and cold sides, properties of the working fluids, their mass flows, and pressure drops. Geometrical factors important for the evaluation of effectiveness are listed in equation
Complete set of parameters is typically provided by a producer of a particular heat exchanger. It should be emphasised that each of the parameters is defined separately both for the hot and cold sides of a heat exchanger. The exact values are computed specifically for a particular design and geometry. Moreover, several properties of the working fluid in the hot and cold sides, dependent on the operational point of the micro-CHP system with SOFC, influence the effectiveness
5 Validation of the model
Model presented in this paper was validated using preliminary experimental data for air. At the current stage two datasets were used, both collected at fixed temperatures. The purpose of using two fixed temperature levels, of 293 K and 573 K, was to investigate the error of pressure drop predictions. The investigated plate fin heat exchanger installed in the test stand without an insulation is shown in Fig. 3 . Experimental setup used in the study is a part of a complete testing station for a micro-CHP power unit. It allows evaluation of the system components operating under variable conditions. Section used for the heat exchanger evaluation allows to adjust the flow of a gas (or gas mixtures), at fixed temperature and pressure. Test bench is equipped with two differential pressure sensors, one on the cold and one on the hot lines. K-type thermocouples allow sensing the temperature during experiments. Comparison of measured data and results obtained from the model can be seen in Fig. 4 . Good agreement was observed, and provides evidence that the model can be used for qualitative and quantitative analyses of the plate fin heat exchanger. Slight discrepancy between predictions and measurements can be explained by the nonadiabatic character of the real unit, and uncertainty of the experimental analysis. Upon successful validation of the model, several cases corresponding to the expected operating parameters of a unit were simulated. During steady state operation, gases exiting the SOFC stack are post-combusted and directed to the heat exchanger to preheat the air. In such case, flue gas temperature of about 1073 K should be expected at the inlet of the hot section, and ambient temperature (293 K) at the inlet to cold section. These operating conditions were simplified, and it was assumed that air enters both sides of a heat exchanger, and the flow varies in range 1-15 Nm 3 /h. Based on the additional calculations, heat capacity of nitrogen-rich flue gases differs from the air less than 10% at the elevated temperature. Prediction of the outlet temperatures and pressure drops in hot and cold sides were plotted against the air flow (Fig. 5) . The slope of the pressure drop curves indicates that a loss up to 4900 Pa can be expected in the hot section of a heat exchanger, operating with inlet temperature of 1073 K. In comparison, pressure drop in the cold section increases together with the medium temperature, and can reach 3000 Pa. Pressure drop increase following temperature reduction in the hot section can be explained by the rapid increase of the working fluid volume.
The observed temperature and pressure drop profiles can be potentially used to redesign the power system incorporating compact plate fin heat exchangers. Upon the calculations, and with respect to the maximal allowed pressure drop, single heat exchanger can be replaced with two units, in order to reduce pressure drop in the system. Such profiles can be generated for various operating conditions, including complex gas mixtures. Precise estimation of the pressure drop in a heat exchanger operating in high temperature regime might become a crucial factor from the design optimization point of view. 
Conclusions
Effectiveness of a single fin, hot/cold side surface, and the whole heat exchanger can be evaluated using the given equations, with relatively low prediction error. Based on the collected data, the mean squared error was calculated and accounted for 7.3%. This number is a general indicate of the precision of this model in particular conditions. In order to precisely evaluate the model in other operational points, several sets of experiments, each with at least ten data points collected, should be completed. The work presented in this paper is however an introductory phase of the study. Model finds application in the stand-alone and system-level evaluations of main operating parameters of a plate fin heat exchanger. The particular application, included in the current study, corresponds to the advanced highly efficient micro-combined heat and power system. Operating conditions, imposed by the operational characteristics of a solid oxide fuel cell stack, lay beyond temperature of 973 K. Heat exchange takes place in a single phase, and the typical working media include air and gas mixtures. Due to the complete combustion in the post-combustor, combustible gases are absent in the heat exchanger. Model presented in this paper can be extended to account for complex gas mixtures, including multiphase flows, if needed. The functionality of the model allows predicting performance for complex gas mixtures, and determining simultaneously exit conditions for both the cold and the hot side. Moreover, presented model can be used in two alternative configurations, in exact counter-and co-flow, after minor modifications.
Validation performed at fixed operating temperature allowed to compare pressure drops obtained from the model, using real data. Good agreement was observed.
